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1 Introduction

Viruses are traditionally considered as infectious agents that attack cells and
cause illnesses like AIDS, Influenza, Hepatitis, etc. However, recent advances have
illustrated the potential for viruses to play positive roles for human health, instead
of causing disease [1, 2]. For example, viruses can be employed for a variety of
biomedical and biotechnological applications, including gene therapy [3], drug
delivery [4], tumor targeting [5], and medical imaging [6]. Therefore, it is important
to understand quantitatively how viruses operate such that they can be engineered
in a predictive manner for beneficial roles.

Most viruses are nanosized particles that replicate only inside a host cell they
infect. A structure of a complete virus particle is made up of a protective coat of
protein called a capsid that encloses its nucleic acid, either DNA or RNA. Virus
capsids are extremely stable and possess wide-ranging mechanical strengths, which
can be characterized in the theoretical framework typically used for characterizing
materials [7–9]. Capsids exhibit diversity in not only material properties but also
geometric attributes. Capsids across the virosphere display a wide diversity of
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Fig. 1 As evident in the collage above, capsids come in a range of sizes (images represent electron
microscopy reconstructions deposited into the virus particle explorer web site: viperdb.scripps.edu)

shapes, sizes, and architectures (Fig. 1), and understanding how these differences
affect the material properties will provide design principles for engineering capsids.

Virus capsids are built from spontaneous self-assembly of multiple copies of a
single protein or a few distinct proteins arranged in a highly symmetrical manner.
Capsid assembly, from individual proteins in a correct, rapid, and spontaneous
fashion on a biological timescale, is crucial for spreading an infection in vivo
[10, 11]. Therefore, elucidating the means by which viral capsid self-assembly
occurs may assist in the development of novel approaches to interfere with the
assembly process and ultimately prevent viral infections. Following assembly,
some virus capsids undergo morphological changes which are critical for the virus
maturing into an infectious particle [12,13]. Understanding the dynamic behavior of
assembled capsids is equally essential to gain insight into the mechanism associated
with the maturation process and may open avenues for rational drug design by
providing clues for disrupting the maturation process.

Despite several experimental [14–17] and theoretical efforts [18–20], the un-
derlying principles that govern virus capsid self-assembly and maturation are
not well understood. Experimental approaches such as X-ray crystallography and
cryo-electron microscopy have provided excellent starting points to begin under-
standing virus architecture in an intricate manner, but do not provide the dynamical
information crucial for understanding the virus life cycle. Other experimental
methods probing dynamical and mechanical properties of viruses still lack sufficient
resolution in the length and timescales to decipher the movement of individual
proteins constituting the virus capsid. Rapid increases in the availability of computer
power and algorithmic advances have made possible simulations of complete
viruses in atomic detail on the timescale of tens of nanoseconds [21, 22], which
are providing some insights into the experiments just noted. However, atomically
detailed simulation remains a considerable challenge, at increasingly large time
and length scales, for processes of biological importance such as assembly and
maturation of virus capsids.



Multiscale Modeling of Virus Structure, Assembly, and Dynamics 169

We have applied multiscale computational approaches ranging from topology-
based mathematical modeling to physical simulations at different levels of coarse
graining to describe the underpinnings of virus function and structural organization.
This chapter describes key findings of our group’s work in elucidating the under-
lying principles that govern the assembly and maturation of virus capsids using
state-of-the-art multiscale simulation approaches; our focus is on presenting insights
gained by various multiscale approaches rather than simulation details, which can
be found in individual papers. Following a brief introduction into virus architecture,
we describe the biological findings from simple mathematical models concerning
the optimal subunit shape for constructing a capsid and the origins of evolutionary
discrimination of certain T -numbers. We then describe key results, from self-
assembly simulations of virus capsids using coarse-grained modeling, related to
the generalized mechanistic description of structural polymorphism often observed
in vitro. Following, we describe the development of a true multiscale approach
linking equilibrium atomic fluctuations with macroscopic elastic properties of virus
capsids and apply this approach to investigate the buckling transitions of HK97
bacteriophage. We conclude by outlining future applications and required model
developments.

2 Background on Spherical Virus Architecture

A sampling of spherical viruses is shown in Fig. 1 to illustrate the size and shape
diversity of virus capsids. Understanding how these structures form, as well as the
reasons behind the differences in shape and size of virus structures is fundamentally
important. Let us set the stage by providing a brief and historical introduction to
the architecture of spherical virus capsids. The foundations of modern structural
virology began in the 1950s, in the days before high (subnanometer) resolution
imaging was available. During that time, it was becoming clear that the size of any
capsid was much larger than the largest protein that the enclosed viral genome could
express. Crick and Watson reasoned that one could form such a capsid only if viruses
figured out a way to arrange multiple copies of a smaller protein (a “sub”-unit) into
the form of a shell. Based on rudimentary crystallographic evidence [23], Crick and
Watson had proposed that the capsid would have to assume a high order symmetry
group. In doing so, large copies of the same subunit (now known to be a single
protein) would possess identical or equivalent positions within the capsid (hence
the idea of equivalence between the subunits). The proposed symmetries were the
ones displayed by platonic solids [24], of which, icosahedral symmetry, a 60-fold
symmetry, is the highest in order. However, new methods (such as negative staining
electron microscopy) soon showed that the number of subunits per capsid were in
slight disagreement with the Crick–Watson proposal. It was observed that instead
of an icosahedral structure with 60 equivalent subunits, spherical capsids, albeit
icosahedrally symmetric, were found to be composed of multiples of 60 subunits.
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Fig. 2 Making capsid models of various sizes described by .h; k/ pairs. The general idea is that all
capsids consist of 12 pentamers (darkened in (c)) and a variable number of hexamers. Starting from
only a sheet of hexagons (a), where hexagons represent hexamers, and then selectively converting
specific hexamers into pentamers (b), a complete icosahedron may be constructed

Further advancement in the method of negative staining and electron microscopy
led to the observation that capsids are shells formed from repeated pentagon and
hexagon-like arrangements. From these early experiments, two groups of structural
virologists, Horne and Wildy [25] and Caspar and Klug [26], found an interesting
solution to the scalability problem. In particular, both groups recognized that virus
capsids of practically any size could be created by combining 12 pentamers (sym-
metric clusters of five subunits) with a variable number of hexamers (symmetric
clusters of six subunits). Caspar and Klug went further to describe a theoretical
mechanism to “build an icosahedral capsid shell from a flat lattice of hexagons.”

As shown in Fig. 2, a specific capsid can be described by two integers, h and
k, representing steps in the h or k direction, respectively. By taking an “h, k

walk” on the hexagonal surface (Fig. 2a), one ends up on a hexagon which is to
be converted into a pentagon. These hexagons can be converted into pentagons
by excising 1/6th of the selected hexagon and gluing the unpaired edges (Fig. 2b).
When this procedure is repeated to make 12 such pentagons, one will be left with
a three-dimensional model of a complete icosahedral capsid, where pentagons and
hexagons represent pentamers and hexamers, respectively.

Although h and k are useful in understanding capsid size and arrangements of
pentamers and hexamers, it is not always convenient to deal with two numbers as
a descriptor. Conveniently, Caspar and Klug [26] re-introduced a useful descriptor
(initially described by Goldberg in the 1940s), the triangulation number,

T D h2 C k2 C hk: (1)

T is useful because it easily describes the number of subunits .60T / and hexamers
(10(T –1)) in the capsid and the number of distinct symmetry environments present
within the capsid (which is T itself). Today, the triangulation number is the
ubiquitous descriptor of virus architecture.
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3 Mathematical and Geometric Models for Describing
Virus Phenomena

In this section, we explore how concepts borrowed from mathematics and geometry
may help in understanding structural features of virus capsids. Using these simplistic
models, we have addressed problems at various levels of capsid research, ranging
from understanding what is the optimal subunit shape for constructing a capsid,
to understanding the prevalence of certain T -number structures and the absence of
others.

3.1 The Canonical Capsid Model

The utility of simplistic models, which do not account for the specific atomic level
interactions (i.e., an all-atom force field) have been useful in explaining various cap-
sid phenomena such as capsid self-assembly [27–33], capsid morphology [34–37],
subunit stoichiometry [38–40], mechanical properties [41–43], and symmetry
[37, 44]. We will be primarily discussing one such geometric model, the “canonical
capsid,” that has served as a useful platform for the elucidation of capsid design
principles [36, 37, 40].

The concept of the “canonical capsid,” which is a surprisingly simple construct, is
defined as a polyhedron whose faces, each representing a subunit, must be identical
in shape. This model is also known as a “monohedral tiling.” This simple model
is useful because a large number of capsids found in nature can be represented as
monohedral tilings [40]. In addition, these models can shed light on various physical
properties of virus capsids that can be described as canonical.

3.2 Prediction of the Optimal Subunit Shape

Given the construct of the canonical capsid, a key question for investigation is which
subunit shapes are permitted to exist within the confines of the canonical capsid.
Using simple geometry and polyhedral rules [40], we have shown that canonical
capsids can only accommodate one type of “prototile” (subunit design) consisting
of five interacting edges. The bisected trapezoid (Fig. 3a) is one such acceptable
prototile design. It is the same subunit shape that appears in all the natural capsids
(Fig. 3b) we find to be represented by the canonical capsid model [40]. It has indeed
been identified that many viruses share a common subunit protein fold (the double
ˇ-barrel), without sharing high sequence identity [45]. It is quite surprising that a
simple canonical capsid model predicts such a ubiquitous shape found in viruses
infecting almost all domains of life. Apparently, nature may be forcing viral capsid
proteins into adopting this very special shape. It is tempting to conjecture that there
is an overarching evolutionary pressure that may be acting on virus capsid’s design.
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Fig. 3 Canonical capsids as a model. The basic subunit prototile–the bisected trapezoid (shaded
in (a))–predicted from the analysis of the simplistic canonical capsid model [40] bears a
strong resemblance to the subunit design ubiquitously found in virus capsids (b), indicating a
mathematically motivated pressure in maintaining a trapezoidal subunit shape in nature. Apart
from explaining the importance of the capsid subunit shape, the strong resemblance between these
geometric entities and their real counterparts (exampled in (c)), allows for a number of studies in
capsid design criteria [36, 37]

3.3 Hexamer Complexity as a Predictor of Capsid Properties

Analysis of the virus structural data collected over the last half century indicates
that a very large array of capsid sizes ranging from tens to many thousands of
subunits are known to exist in nature (Fig. 1). However, some capsid sizes are
rarer than others (such as T D 12; 19; and 27), an observation that has puzzled
structural virologists as early as 1961 [25,26]. The cause for this apparent bias in the
distribution of the observed capsid sizes is still not clearly understood. To explore if
there is an evolutionary pressure that discriminates against certain capsid shapes, we
further investigated intrasubunit interactions within virus capsids using a canonical
capsid model. Specifically, we explored how subunits interact and how the angles
between subunits can impose constraints on the capsid shape.
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Fig. 4 As predicted by the
inverse C h rule, capsids with
high hexamer complexity are
underrepresented in nature as
evident in the observed versus
unbiased capsid abundances
(% of families that display
capsids of specific C h)

The subunit–subunit angles present within the pentamers (which we call endo
angles) impose constraints on the adjacent hexameric angles, an effect that is
termed endo angle propagation [36]. While the shape and number of pentamers
is fixed for all T number capsids, the number of hexamers (and therefore the
shape) is not. The hexamers experience different environments based upon their
adjacency to neighboring pentamers/hexamers. As a result, the angle patterns
produced by interacting endo angles within the capsid ensure the emergence of
three general morphological classes of capsids that can be differentiated by their
h–k relationship [37]: class 1 (described by the relationship h > k D 0), class
2 (h > k > 0), and class 3 (h D k). We have identified the minimum number
of distinct hexamer shapes (which we call hexamer complexity C h) required to
form a canonical capsid of specific capsid size (T -number). Each canonical capsid
of specific h and k is described by a single C h value. Thus, C h is very useful
in systematically predicting properties of a group of capsids that were previously
thought to be unrelated viruses.

C h is also an indicator of the ease with which a capsid can be assembled,
i.e., a larger number of distinct hexamer shapes would require a more complex
assembly mechanism. Indeed, our modeling studies show that the capsids with
a high C h value require more auxiliary control mechanism for their assembly
while the capsids with a low C h value and low T � number (T D 3; 4; or 7)
display the ability to assemble with no auxiliary requirements [46, 47]. Thus, the
hexamer complexity number (C h) can be used as tool to predict if a particular capsid
assembly requires auxiliary mechanisms or proteins. Accordingly, we predicted
that canonical capsids with larger C h must be present with a lower frequency in
nature since they require complex auxiliary assembly mechanisms. This hypothesis
is corroborated by surveying all available capsid structures in the literature and virus
structure databases. In the scenario that all T number capsids were equally probable,
it would be expected that the complex capsids with C h > 2 would represent the
majority of the virus families observed in the nature (63%) (Fig. 4 Unbiased).
However, in actuality, capsids with C h > 2 represent only 5% of the observed
capsid structures (Fig. 4 Observed). This suggests the existence of an evolutionary
pressure which discriminates against viruses with a high hexamer complexity.
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3.4 Limitations of the Canonical Capsid Model

A majority of the capsids we have studied display properties of canonical cap-
sids [40]. However, the remaining small percentage of the noncanonical capsids can-
not be well described by the canonical capsid model and likely require more sophis-
ticated models for their characterization. For example, many noncanonical capsids
possess nontrapezoidal subunit shapes (e.g., the members of the polyomaviridae
family). It has been shown that these noncanonical capsids can be represented
by other simplistic polyhedral models with slight embellishments [38, 39]. Still,
there exist a few other noncanonical capsids with holes and large overlaps in
their structures for which no simple solutions exist. It is these rule breakers that
emphasize the requirement for more sophisticated theoretical models.

These mathematical modeling efforts have served to offer explanations to broad
questions in the field of structural virology such as subunit shape and evolutionary
discrimination of certain T -numbers. However, questions related to dynamical
properties are more suitable to physics-based modeling studies. In the following
sections, we will address two fundamental processes in the virus life cycle,
capsid assembly (Sect. 4) and maturation (Sect. 5), using physics-based modeling
techniques.

4 Self-Assembly of Virus Capsids

Highly specific and spontaneous self-assembly of individual proteins to form
symmetric viral capsids inside the infected host cells is crucial for propagating the
infection in vivo and is one of the most fundamental process of the virus life cycle.
In addition, the in vitro self-assembly of empty capsids without the viral genome is
of significant interest in bionanotechnology for vaccine design, gene therapy, and
medical imaging [48]. As a specific example, empty capsids serve as vaccines to
prevent cervical cancer, which is caused by the human papilloma virus. The vaccine,
which consists of empty capsids of the human papilloma virus, prompts production
of appropriate antibodies in the body, thereby priming an effective immune response
that could be marshaled during subsequent exposure to the infectious virus [49]. The
potency of the cervical vaccine depends strongly upon the degree of capsid self-
assembly [50]. However, due to the inability to control assembly in laboratory and
manufacturing practices, self-assembly of empty capsids often leads to architectural
contaminants (i.e., structural polymorphism) [51]. A clear understanding of the
kinetic mechanisms and thermodynamics of icosahedral capsid self-assembly would
provide valuable insights into how to control the self-assembly process and is a key
prerequisite to their widespread application in medicine.

The quantitative investigation of the virus capsid self-assembly mechanisms
presents significant challenges for both experimental and computational approaches.
Progress has been made toward understanding the molecular-level mechanisms
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driving capsid formation through theoretical studies [19,20,38,44,52–55], structural
analysis [56, 57], and in vitro self-assembly experiments of empty capsids using
only purified capsid proteins [19,58,59]. Still, a detailed mechanistic understanding
of the capsid self-assembly process is lacking. Despite rapid increases in the
availability of computer power and algorithmic advances, atomically detailed
simulations of the self-assembly process have been difficult due to the large system
sizes and the long timescales involved in the process. As a consequence, to-date
most simulation studies of capsid formation have been performed employing only
simple coarse-grained models that significantly reduce the system size [32, 60, 61].
For example, Hagan and Chandler [32] modeled capsid proteins or capsomeres as
point particles to simulate the assembly of small shells, Hicks and Henley [61] used
an elastic model to represent capsid proteins as deformable triangles and Rapaport
simulated the capsid self-assembly of polyhedra structures utilizing trapezoid units
as a building block [28].

We investigated the spontaneous self-assembly process of different-sized virus
capsids employing a coarse-grained molecular dynamics (MD) simulation ap-
proach. To increase the speed and efficiency of the simulations an extremely fast,
event-driven method called discontinuous molecular dynamics (DMD) was em-
ployed [62–64]. Before performing simulations, we developed a range of geometric
models that capture the geometric shape and energetic details of a coat protein
without any specific built-in self-assembly rules such as nucleation. Interestingly,
our prior two dimensional mathematical modeling studies, as well as, initial
exploratory simulation studies by Rapaport [28] had predicted that the trapezoidal
shape is a perfect building block to tile a closed icosahedral surface of any capsid
size (see Sect. 3) [40]. To test this prediction by way of physical simulations, in our
first generation of coat protein models each protein subunit was represented as a
set of 24 beads arranged in four layers confined in the trapezoidal geometry (see
Fig. 5a). Using a simplified model that exploits the important role of coat protein
shape, together with the fast DMD method, allowed us to capture the spontaneous
self-assembly of icosahedral capsids of different sizes as well as explore the optimal
temperature and protein concentration required for the spontaneous self-assembly of
capsids.

By performing over a hundred MD simulations at different temperatures and
protein concentrations, we found that the assembly of T D 1 and T D 3 icosahedral
capsids occurs with high fidelity only over a small range of temperatures and protein
concentrations [33, 65]. Outside this range, particularly at low temperature or high
protein concentration, large enclosed “monster particles” are produced (Fig. 5b).
These mis-assemblies are remarkably similar to experimentally observed Turnip
crinkle virus monster particles [66] or bacteriophage P22 monster particles [67].
Most importantly, our simulation studies revealed that the capsid assembly dynam-
ics under optimal conditions is a nucleated process [58] involving monomer addition
in which building blocks (either monomeric, dimeric, or trimeric species) are glued
together in a sequential manner [33]. It is quite remarkable that our simulations
employing simple models were able to recapitulate the experimental observations
that capsid assembly is a nucleated process [19, 58, 59].
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Fig. 5 (a) Coarse-grained models capturing the geometric shape of the protein and the protein-
protein interactions that occur between proteins in the assembled capsid. (b) At low temperatures
and high concentrations, assembly is nucleated too rapidly and partial growth leads to the
combining of many partial capsids to form “monster particles” that are enclosed in T D 1 systems,
and spiral-like in T D 3 systems, like those seen in cryo-EM experiments. (c) The assembly
of T D 3 capsids under near optimal conditions yields a range of closed capsid forms that are
determined by the number of five-to-six fold symmetry dislocations that occur as a result of certain
kinetic pathways. The population distributions for supramolecular structures from T D 3 systems.
The same structural polymorphism is also observed in T D 1 systems (Figures 1 and 2 of Nguyen
et al. J. Amer. Chem. Soc., 131:2606–14, 2009, copyright 2009, American Chemical Society.)

Interestingly, upon shifting the conditions (protein concentration and tempera-
ture) for T D 1 and T D 3 capsid growth slightly, we observed the self-assembly
of not only icosahedral capsids, but also of a well-defined set of nonicosahedral yet
completely enclosed and equally stable capsules [65] (Fig. 5c). These nonicosahe-
dral capsules exhibit morphologies similar to particles that have been observed in the
mis-assembly of capsids of many viruses [14, 68–74]. These findings demonstrate
that structural polymorphism in capsid structure is an inherent property of capsid
proteins, is independent of the morphology of constituent subunits, and arises from
condition-dependent kinetic mechanisms that are determined by initial assembly
conditions.
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Fig. 6 (a) Coarse-grained model representing each pentameric or hexameric capsomer of coat
proteins as a pentagonal or hexagonal structure for any T capsid systems, inspired by the
presence of pentagonal and hexagonal morphology on many virus particles obtained from cryo-
EM experiments. Each T D 1; 3; 4; 7; or 9 capsid obtained from our simulations contains
12 pentamers and .T � 1/10 hexamers arranged on icosahedral lattice. (b) Different kinetic
mechanisms of assembly in T D 7 systems were deciphered: sequential addition for icosahedral
capsids, condensation of preformed intermediates for large non-icosahedral capsules, and prema-
ture collapse of intermediates for small non-icosahedral capsules (Nguyen and Brooks, Nano Lett.
8: 4574–4581, 2008, copyright 2008, American Chemical Society.)

Considering the ubiquitous nature of nonicosahedral capsules observed in our
simulations of T D 1 and T D 3 systems, we predicted that such capsules are
also formed in T > 3 systems. We confirmed this prediction by developing our
second generation of coarse-grained model in which multiples of coat proteins are
represented as either pentameric or hexameric capsomers [75] (Fig. 6a). Our model
capsomers mimic the building blocks of a few known virus systems such as HK97
capsids [76], which have been shown to assemble from pentamers and hexamers. In
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the simulation studies of T D 1; 3; 4; 7; 9; 12; 13; 16; and 19 systems, we observed
the formation of a variety of nonicosahedral yet highly ordered and enclosed
capsules in addition to the expected icosahedral capsids. These simulations demon-
strate that structural polymorphism is independent of the capsid complexity and
the elementary kinetic mechanisms of self-assembly. Furthermore, the simulations
revealed the existence of two distinctive and comprehensive classes of polymorphic
structures. The first class includes aberrant capsules that are larger than their
respective icosahedral capsids in T D 1 � 7 systems and the second class includes
capsules that are smaller than their respective icosahedral capsids in T D 7 � 19

systems (Fig. 6b). The kinetic mechanisms responsible for the self-assembly of
these two classes of aberrant structures were deciphered, providing insights into how
to control the self-assembly of icosahedral capsids. To our knowledge, this is one
of the first simulation studies that provided a generalized description of structural
polymorphism, which is often observed in in vitro experiments [14, 68–70, 72, 73]
and vaccine development studies [71].

Simulation studies, as described here, can provide new tools to inform potential
strategies in antiviral development, protein design, and the engineering of novel
biomaterials. The methodology employed in these studies could also be expanded
upon to elucidate the means by which capsid proteins and the viral genome are
self-assembled into full viruses. Such studies would enable us to make unique
contributions to the field of virology/medicine by suggesting the development of
novel ways to interfere with virus assembly and ultimately with viral infections.

5 Maturation and Mechanical Properties of Virus Capsids

An important aspect of designing nanotechnologies is material characterization;
understanding how the material responds to stresses and different environmental
conditions and ultimately the calculation of the fundamental mechanical moduli.
Characterization of the mechanical properties of virus capsids is important for
technology design as well as understanding the maturation phenomenon, which is
one of the most fundamental process of the virus life cycle.

The T D 7 bacteriophage HK97 is a widely studied system [13, 76–81], due to
its interesting structural features. This virus assembles into a procapsid structure
consisting of 420 copies of a single protein and initially forms a rounded procapsid
structure (Prohead II) as shown in Fig. 7 on the left. The seven protein asymmetric
unit of Prohead II is also shown in Fig. 8. In vivo the structure matures upon pack-
aging of the DNA genome, during which the structure expands, becomes faceted,
and iso-peptide bonds form between side chains of different proteins, resulting in
the mature (Head II) structure as shown in Fig. 7 on the right. The maturation
transition (commonly termed a buckling transition) can also be triggered in vitro
with empty capsids (genome deficient), by lowering the system pH [77, 82]. This
maturation-related structural transition has broad implications for understanding
virus behavior [83]. HK97 is believed to share many aspects of its maturation
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Fig. 7 The structures of HK97 (T D 7) in compact and swollen forms (Fig. 1 of Tama et al.,
J. Mol. Biol., 345: 299–314, 2005, copyright 2005 Elsevier B.V.)

Fig. 8 The seven protein asymmetric unit of the virus HK97, represented with a ribbon drawing
(left) and as an elastic network (right), in which the lines represent the harmonic springs of the
network connecting C˛ atoms within 8Å of each other

process with other double-stranded DNA bacteriophages and with herpes virus [84].
Additionally, HK97 is an ideal system to understand what governs the equilibrium
shape of spherical viruses because it exists in both a rounded (immature) and faceted
(mature) forms during its life cycle. Understanding structural transitions of HK97
from a rounded to a faceted shape should help explain, in general, why certain
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viruses adopt a particular configuration from the range of possible shapes and sizes
(see Fig. 1).

Attempts to explain this faceting or buckling phenomena have been made using
simplified models. Using the discrete canonical capsid model, we identified that
viruses belonging to the class 2 (h > k > 0) morphological group can undergo
buckling transitions (See discussion in Sect. 3). The virus structures in this group,
which includes HK97 (T D 7), have a degree of freedom associated with the
hexamer configurations [36]. This is in contrast to the structures in class 1 and class
3 which we believe to consist of rigid hexamers, with zero degrees of freedom.
This degree of freedom in the class 2 hexamers was identified through our analysis
of endo angle constraints (see Sect. 3), and we find two distinct stable states that
the hexamer can sample. The two available hexamer configurations are a pucker in
and pucker out state, corresponding to the faceted and rounded conformation of the
capsid, respectively. An alternative explanation to the buckling phenomena has been
put forth using purely continuum elastic theory of thin shells, proposed by Lidmar,
Mirny, and Nelson (LMN) [41]. According to the LMN theory, the equilibrium
configuration of the capsid is governed by a minimization of the elastic energy of
the shell. As the elastic energy is dependent on the elastic properties of the shell,
shape changes will arise in response to modulation of these properties. While both
of these models have offered reasonable explanations for the buckling transition
of virus caspids, neither work has incorporated molecular detail into their models.
Recently, we have attempted to bridge the discrete and the continuum description
of the virus capsid buckling transition by developing a multiscale approach which
relates atomic level equilibrium fluctuations to the macroscopic elastic properties of
the system [85, 86].

In the LMN theory, a single parameter, the Foppl-von KKarmKan number (� ),
predicts whether a capsid will adopt a rounded or faceted form, and as can be seen
in Fig. 1, both states are known to exist in nature. The shape dependence on � is
predicted to have a relatively sharp transition between rounded and faceted states, �

is given by

� D YR2

�
; (2)

where Y is the two-dimensional Young’s modulus, R is the shell radius, and �

is the bending modulus. Determining Y and � for capsid structures will allow
� to be determined, but it is inherently important to calculate these moduli to
better understand the mechanical properties of these systems. Furthermore, the
material characterization of capsids should accelerate the development of virus-
based nanotechnologies.

It is difficult to measure the elastic properties of nano-sized objects such as virus
capsids experimentally because most experimental techniques involve averaging
over a large number of particles. However, the single-molecule technique of atomic
force microscopy (AFM) is well suited for probing the mechanical strength of
capsids through nanoindentation studies. These studies typically are conducted in
conjunction with finite-element (FE) simulations in which the three-dimensional
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Young’s modulus (E) can be estimated by matching the AFM and FE force-
displacement curves [87–91]. While these studies address how viruses respond to
force loading, they do not directly evaluate the equilibrium mechanical properties of
these systems. The loading rates in the AFM studies have been criticized for being
too fast [42] and also the assumptions made in the finite element modeling that the
capsid is an isotropic and homogenous medium may not be appropriate.

To overcome these limitations, we have developed a multiscale approach for
calculating the continuum elastic properties Y and �. In this approach, we utilize
atomically detailed models to compute the equilibrium thermal fluctuations of
the capsid, which are then related to the elastic properties of the capsid through
an elastic Hamiltonian [85, 86]. The most relevant motions of the system, when
trying to connect the atomic model to the continuum level theory, are the low
frequency (long wavelength) collective motions. These collective motions arise
from the atomic-level interactions and therefore a model is required which incor-
porates molecular detail. To compute collective motions, we utilize elastic network
models (ENM), which incorporate molecular level details and variable density of
interatomic interactions; an ENM representation of the asymmetric unit of HK97
is shown in Fig. 8 on the right. In addition, ENMs utilize a simple interaction
potential which makes it computationally efficient to capture the collective motions
of large macromolecular assemblies [92]. The essence of the ENM is that it is a
harmonic approximation to the free energy minimum in which the structure lies.
The numerous potential terms (Lennard–Jones, electrostatic, bond, angle, dihedral,
etc) in a standard semi-empirical MD force field are replaced by a single harmonic
potential term accounting for the vibrations of interacting pairs of atoms [93].
The normal modes of the ENM can be calculated by finding the eigenvectors of the
Hessian matrix of second derivatives of the potential. A trajectory of the ENM can
then be computed by propagating the network along a set of the lowest frequency
normal modes.

From these ENM trajectories, a two-dimensional surface is computed by aver-
aging over the shell thickness, and the fluctuations are projected onto a spherical
harmonic basis set. The forces on a 2D elastic shell are known from the early
works on continuum elastic theory of shells [94], and from these forces an energy
density can be written down in the spherical harmonic basis. The total elastic energy
can then be computed by integrating over the shell surface, which, due to the
orthogonality properties of the basis set, reduces to a sum over the mode magnitudes

E D 1

2

X

l

�
8b C �

l.l � 1/.l C 1/.l C 2/

R2

�
j Oal j2; (3)

where, j Oal j2 � PCl
mD�l alma�

lm, alm is the magnitude of spherical harmonic l; m,
and b is the sum of the LamKe constants (�; �), from which Y can be calculated
when a value for the Poisson ratio is known (or assumed). Given the quadratic form
of the energy, the ensemble averages of j Oal j2 can be calculated and a relationship is
obtained which contains only measurable surface properties (R,

˝j Oal j2
˛
) and elastic
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Fig. 9 The spectrum of spherical harmonics describing the equilibrium thermal fluctuations of the
capsid surface for the T D 1 mutant of the Sesbania mosaic virus, shown in bottom left. A nearly
identical spectrum is produced for an all-atom MD simulation of an entire capsid, as that from and
elastic network model (ENM), that is scaled via an MD simulation of only the asymmetric unit.
In both cases the fluctuation spectrum is well described by the theoretical model in (4) (Figure 1
of May and Brooks, Phys. Rev. Lett. 106:18801–18804, 2011, copyright, 2011 American Physical
Society.)

parameters (�, �, �)

˝j Oal j2
˛ D kBT

8b C �
l.l�1/.lC1/.lC2/

R2

: (4)

Our formulation of the ENM is a nondimensional model, and therefore we use
MD to scale the trajectory to make it quantitatively accurate. The MD simulations
are performed on the asymmetric unit of the capsid under icosahedral rotational
boundary conditions [95]. From the MD simulations a scaling factor is calculated,
which is passed to the ENM model to connect the cruder ENM model to the more
accurate MD force field. We were able to show that this multiscale approach,
combining an ENM with MD on the asymmetric unit, was a good approximation
to the fluctuations generated by simulating the entire capsid explicitly with MD.
The agreement between the theoretical model and the observed fluctuations, as
well as the agreement between the multiscale (ENM) and the brute force MD
approach are shown in Fig. 9. From the fits to the data, we are able to determine
Y , �, and � for the T D 1 mutant of Sesbania mosaic virus (SeMV). We have
applied this multiscale approach to HK97 [85, 86] in the mature and immature
forms and predicted a significant change in � (�200 immature, �800 mature)
between the states. These values are in agreement with the LMN theory, which
predicts structures with � < 250 should be spherical and those with higher � values
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should take on faceted forms, as is observed in Fig. 7. Additionally, we calculated a
reduction in � (�70 kBT immature, �30 kBT mature) between the states. This
reduction in � is functionally important, as it allows the faceted state, with the
high curvature corners, to be adopted at a lower energy cost. Furthermore, it can
be concluded from this analysis that the interactions which are changing during
the transitions, function to reduce � making the shell more flexible and enable it
to reach the infectious state more efficiently. From this analysis we have inferred
a mechanical mechanism for the maturation of HK97 by incorporating molecular
details and have provided support for the LMN theory of buckling transitions.
Further examination of larger (T > 7) capsid structures using this multiscale
method will allow us to test our predictions from the canonical capsid model that
only class 2 capsids have the propensity to undergo buckling transitions.

6 Conclusions and Future Directions

We have studied several aspects of a virus capsid’s behavior ranging from elastic
properties to evolutionary pressures using a variety of modeling techniques. These
techniques span the range from all-atom molecular simulations, to coarse-grained
studies of assembly, to purely mathematical models. Clearly, maturation and capsid
assembly, which are fundamental processes of virus life cycles span a wide range of
spatial and temporal scales. To make progress, we have explored one virus life cycle
process at a time, which allowed us to build models appropriate for the phenomena
under investigation. Even within these independent studies, we have used multiscale
approaches to bridge molecular level detail to continuum theory (Sect. 5), and
incorporate what we learn at one level of description (subunit shape, Sect. 3), into
our studies of other aspects of the life cycle (assembly, Sect. 4). The current work has
offered explanations for several features of viruses not currently accessible through
experimentation. The goal of all of these works is to gain a better understanding of
how viruses operate and it is this knowledge that will further our ability to fight viral
infections, develop and manufacture vaccines, and utilize capsids in nanotechnology
applications. However, to have an greater impact on health and technology we must
continue our exploration to elucidate the intricate and complex processes of virus
life cycles.

In future studies, we will explore the transition pathways associated with
structural changes of capsids. In an earlier study, normal mode analysis identified
the dominant modes characterizing structural transitions of virus capsids, including
HK97 [96]. In the case of HK97, two modes were required to describe the
configurational change. Using these dominant icosahedral normal modes, pathways
were constructed to connect the states of the system. However, these pathways may
not be representative of the physical pathway the virus undergoes, because they are
not refined against an “accurate” potential function. Computing the energetics of
the pathway (free energy barriers, �G between stable states) requires using a more
detailed potential. These calculations will require advanced sampling techniques to
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“find” a minimal energy pathway and then compute the probabilities of the states
along the path [97–99]. Understanding how pH effects the energetics of the pathway
can also be incorporated into our pathway modeling efforts through constant pH-
MD methods [100,101]. The potential benefit of studying these transition pathways
is that molecular interactions that have a drastic effect on the behavior of the system
can be identified. For example, specific salt bridges might form at a given pH, but
altering the pH could break those salt bridges and change the free energy barrier
between the stable states. Identification of these key residues can be tested through
mutagenesis studies, and could provide a target for preventing virus maturation.
Similarly, the pathway methods can be combined with elasticity calculations such as
described above, and residues that are responsible for altering the elastic character
of the material can be identified. This knowledge could provide design principles
for engineering novel capsids and for modulating the properties of capsids used in
nanotechnologies. Understanding transition pathways is just one avenue of further
investigation of viruses, other areas of interest include understanding viral protein–
host protein interactions [102] and protein–nucleic acid interactions during virus
assembly. Viruses have a rich array of features and phenomena that are still poorly
understood. However, by building and employing computational and theoretical
models that capture the essential physics of the underlying phenomenon, we can
shed light on many of these unresolved aspects of the virus life cycle.
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